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TOTAL DOMINATOR CHROMATIC NUMBER AND
MYCIELESKIAN GRAPHS
ADEL P. KAZEMI
Abstract. A total dominator coloring of a graph G is a proper coloring of G in which
each vertex of the graph is adjacent to every vertex of some color class. The total
dominator chromatic number χt
d
(G) of G is the minimum number of color classes in a
total dominator coloring of it. In [Total dominator chromatic numer in graphs, submitted]
the author initialed to study this number in graphs and obtained some important results.
Here, we continue it in Mycieleskian graphs. We show that the total dominator chromatic
number of the Mycieleskian of a graph G belongs to between χt
d
(G) + 1 and χt
d
(G) + 2,
and then characterize the family of graphs the their total dominator chromatic numbers
are each of them.
1. Introduction
All graphs considered here are finite, undirected and simple. For standard graph theory
terminology not given here we refer to [3]. Let G = (V,E) be a graph with the vertex set V
of order n(G) and the edge set E of size m(G). The open neighborhood of a vertex v ∈ V
is NG(v) = {u ∈ V | uv ∈ E}, while its cardinality is the degree of v. The minimum and
maximum degree of G are denoted by δ = δ(G) and ∆ = ∆(G), respectively. We write
Kn, Cn and Pn for a complete graph or a cycle or a path of order n, respectively, while Wn
denotes a wheel of order n + 1. The complement of a graph G is denoted by G and is a
graph with the vertex set V (G) and for every two vertices v and w, vw ∈ E(G) if and only
if vw 6∈ E(G).
Let G = (V,E) be a graph with the vertex set V = {vi | 1 ≤ i ≤ n}. The Mycieleskian
graph M(G) of a graph G is a graph with the vertex set V ∪ U ∪ {w} such that U = {ui |
1 ≤ i ≤ n}, and the edge set E ∪ {uivj | vivj ∈ E(G)} ∪ {uiw | ui ∈ U} [3].
A total dominating set S of a graph G is a subset of the vertices in it such that each
vertex has at least one neighbor in S, that is, NG(v) ∩ S 6= ∅, and the total domination
number γt(G) of G is the cardinality of a minimum total dominating set [1].
A proper coloring of a graph G is a function from the vertices of the graph to a set of
colors such that any two adjacent vertices have different colors, and the chromatic number
χ(G) of G is the minimum number of colors needed in a proper coloring of a graph [3]. In a
proper coloring of a graph a color class is the set of all same colored vertices of the graph.
In [2], the author defined the new concept total dominator coloring in graphs as following.
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Definition 1.1. [2] A total dominator coloring of a graph G, briefly TDC, is a proper
coloring of G in which each vertex of the graph is adjacent to every vertex of some color
class. The total dominator chromatic number χtd(G) of G is the minimum number of color
classes in a TDC of G. A χtd(G)-coloring of G is any total dominator coloring with χ
t
d(G)
colors.
Here, we continue the studying of this number in Mycieleskian graphs. Exactly, we show
that the total dominator chromatic number of the Mycieleskian of a graph G lies between
χtd(G)+1 and χ
t
d(G)+2, and then characterize the family of graphs the their total dominator
chromatic numbers are each of them. First, we give some needed definitions, terminology
and propositions from [2].
If f is a total dominator coloring or a proper coloring of G with the coloring classes V1,
V2, ..., Vℓ such that every vertex in Vi has color i, we write simply f = (V1, V2, ..., Vℓ). In
the following two definitions f = (V1, V2, ..., Vℓ) is a TDC of G.
Definition 1.2. A vertex v is called a common neighbor of Vi if v ≻ Vi, that is, v is adjacent
to all vertices in Vi. The set of all common neighbors of Vi is called the common neighborhood
of Vi in G and denoted by CNG(Vi).
Definition 1.3. A vertex v is called the private neighbor of Vi with respect to f if v ≻ Vi and
v ⊁ Vj for all j 6= i. The set of all private neighbors of Vi is called the private neighborhood
of Vi in G and denoted by pnG(Vi; f) or simply by pn(Vi; f).
The following propositions are useful for our investigations.
Proposition 1.4. Let Wn be a wheel of order n+ 1 ≥ 4. Then
χtd(Wn) =
{
3 if n is even,
4 if n is odd.
Proposition 1.5. Let Cn be a cycle of order n ≥ 3. Then
χtd(Cn) =


2 if n = 4,
4⌊n6 ⌋+ r if n 6= 4 and for r = 0, 1, 2, 4, n ≡ r (mod 6),
4⌊n6 ⌋+ r − 1 if n ≡ r (mod 6), where r = 3, 5.
Proof. Let V (Cn) = {vi | 1 ≤ i ≤ n}, and let vivj ∈ E(Cn) if and only if |i − j| = 1 (to
modulo n). We claim that if f is a TDC of Cn, then every six consecutive vertices vi, vi+1,
vi+2, vi+3, vi+4 and vi+5 has colored by at least four colors. Trivially, we may assume that
some color, say a, appear at least two times. We assign colors a, b, a to vertices vi, vi+1,
vi+2, respectively. We can assign color b to vertex vi+3 or not. In each case, we need to at
least two new colors c and d for coloring the remained vertices. Because, in the first case,
we have to assign two new colors c and d to vertices vi+4 and vi+5, respectively, and in the
second case, we must assign colors c, d, c to vertices vi+3, vi+4, vi+5, respectively. Therefore,
our claim is proved, and we notice that any six consecutive vertices can be colored by four
new colors a, b, c, d in
way 1: a,b,a,b,c,d, or way 2: a,b,a,c,d,c.
We also notice that in way 1: vi+1 ∈ pn(Va; f), vi+2 ∈ pn(Vb; f), vi+3 ∈ pn(Vc; f), vi+4 ∈
pn(Vd; f), and in way 2: vi+1 ∈ pn(Va; f), vi+2 ∈ pn(Vb; f), vi+4 ∈ pn(Vc; f), vi+3 ∈
pn(Vd; f). We continue our proof in the following six cases.
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Case 0: n ≡ 0 (mod 6). In this case, if f0 is a proper coloring which is obtained by
each of ways 1 or 2 or by combining of them, then f0 will be a TDC of Cn with the minimum
number 4⌊n6 ⌋ color classes, as desired.
Case 1: n ≡ 1 (mod 6). In this case, let f0 be the TDC of Cn − {vn} mentioned in
Case 0. Since we need to one new color for coloring vn, by assigning a new color ε to vn we
obtain a TDC of Cn with the minimum number 4⌊
n
6 ⌋+ 1 color classes, as desired.
Case 2: n ≡ 2 (mod 6). In this case, let f0 be the TDC of Cn − {vn−1, vn} mentioned
in Case 0. Since we need to two new colors for coloring vn−1 and vn, by assigning two new
colors θ, ε to vn−1, vn, respectively, we obtain a TDC of Cn with the minimum number
4⌊n6 ⌋+ 2 color classes, as desired.
Case 3: n ≡ 3 (mod 6). In this case, let f0 be the TDC of Cn − {vn−2, vn−1, vn}
mentioned in Case 0. Since we need to two new colors for coloring vn−2, vn−1 and vn, by
assigning new colors ε, θ, ε to vn−2, vn−1, vn, respectively, we obtain a TDC of Cn with the
minimum number 4⌊n6 ⌋+ 2 color classes, as desired.
Case 4: n ≡ 4 (mod 6). In this case, let f0 be the TDC of Cn − {vn−3, vn−2, vn−1, vn}
mentioned in Case 0. Since we need to four new colors for coloring vn−3, vn−2, vn−1 and
vn, by assigning new four colors π, ς , θ, ε to vn−3, vn−2, vn−1, vn, respectively, we obtain a
TDC of Cn with the minimum number 4⌊
n
6 ⌋+ 4 color classes, as desired.
Case 5: n ≡ 5 (mod 6). In this case, let f0 be the TDC ofCn−{vn−4, vn−3, vn−2, vn−1, vn}
mentioned in Case 0. Since we need to four new colors for coloring vn−4, vn−3, vn−2, vn−1,
vn, by assigning new colors π, ς , π, θ, ε to the vertices vn−4, vn−3, vn−2, vn−1 and vn,
respectively, we obtain a TDC of Cn with the minimum number 4⌊
n
6 ⌋+ 4 color classes, as
desired. 
Proposition 1.6. Let Pn be a path of order n ≥ 2. Then
χtd(Pn) =
{
2⌈n3 ⌉ − 1 if n ≡ 1 (mod 3),
2⌈n3 ⌉ otherwise.
Proposition 1.7. Let Cn be the complement of the cycle Cn of order n ≥ 4. Then
χtd(Cn) =
{
4 if n = 4, 5,
⌈n2 ⌉ if n ≥ 6.
Proposition 1.8. Let Pn be the complement of the path Pn of order n ≥ 4. Then
χtd(Pn) =
{
3 if n = 4,
⌈n2 ⌉ if n ≥ 5.
2. Main results
The following theorem shows that the total dominator chromatic number of the My-
cieleskian of a graph G lies between χtd(G) + 1 and χ
t
d(G) + 2.
Theorem 2.1. For any graph G with δ(G) ≥ 1, χtd(G) + 1 ≤ χ
t
d(M(G)) ≤ χ
t
d(G) + 2.
Proof. Let f = (V1, V2, ..., Vℓ) be a χ
t
d-coloring of G. Since g = (V1, V2, ..., Vℓ, U,W ) is a TDC
of M(G), we obtain χtd(M(G)) ≤ χ
t
d(G) + 2. On the other hand, Since NM(G)(w) = U ,
there exists a vertex ui ∈ U that is colored by a color different of the colors used in V (G).
Hence χtd(M(G)) ≥ χ
t
d(G) + 1. 
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Next results will characterize graphs G satisfying χtd(M(G)) = χ
t
d(G)+1 or χ
t
d(M(G)) =
χtd(G) + 2. First a definition.
Definition 2.2. We say that a graph G belongs to Class 1 if it has a χtd-coloring f =
(V1, V2, ..., Vℓ) such that pnG(Vi; f) = ∅ for some 1 ≤ i ≤ ℓ, and it belongs to Class 2
otherwise.
The following two theorems present necessary and sufficient conditions for that χtd(M(G))
be χtd(G) + 1 or χ
t
d(G) + 2.
Theorem 2.3. A graph G with δ(G) ≥ 1 belongs to Class 1 if and only if χtd(M(G)) =
χtd(G) + 1.
Proof. Let G be a graph in Class 1, and let f = (V1, V2, ..., Vℓ) be a χ
t
d-coloring of G such
that pnG(Vi; f) = ∅ for some 1 ≤ i ≤ ℓ. Then g = (V1, ..., Vi−1, Vi ∪ {w}, Vi+1, ..., Vℓ, U) is a
TDC of M(G), and Theorem 2.1 implies χtd(M(G)) = χ
t
d(G) + 1.
Conversely, let χtd(M(G)) = χ
t
d(G) + 1. By the previous discussion in the proof of
Theorem 2.1, we may assume that f = (V1, V2, ..., Vℓ) is a χ
t
d-coloring of M(G) such that
w ∈ V1, V1 −{w} 6= ∅ and Vℓ ⊆ U . Since w ∈ V1 and there is no edge between w and V (G),
we conclude that v 6≻ V1 for any v ∈ V (G). Therefore the restriction of f on V (G) gives a
TDC g = (V1−{w}−U, V2−U, ..., Vℓ−1−U) such that v 6≻ V1−{w}−U for any v ∈ V (G).
Hence pnG(V1 − {w} − U ; g) = ∅ and G belongs to Class 1. 
As an immediate consequence, we have the following.
Theorem 2.4. A graph G with δ(G) ≥ 1 belongs to Class 2 if and only if χtd(M(G)) =
χtd(G) + 2.
3. Characterizing some graphs in Classes 1 and 2
Obviously, any complete graph of order at least 3 belongs to Class 1, and any complete
p-partite graph belongs to Class 2 if and only if p = 2. In the next propositions, we show
which of wheels, cycles and paths belong to Class 1 and which belong to Class 2.
Proposition 3.1. Let n ≥ 3 be an integer. Every wheel Wn of order n + 1 belong to in
Class 1. Hence
χtd(M(Wn)) =
{
4 if n is even,
5 if n is odd.
.
Proof. Let V (Wn) = {1, 2, ..., n + 1}, for n ≥ 3, and let vertex 1 be of degree n. If f =
({1}, V2, ..., Vℓ) is a χtd-coloring of Wn, then f
′ = ({1}, V2 ∪ {w}, V3, ..., Vℓ, U) is a TDC of
M(Wn). Hence
χtd(M(Wn)) = χ
t
d(Wn) + 1 =
{
4 if n is even,
5 if n is odd,
by Proposition 1.4 and Theorem 2.1. 
Proposition 3.2. Let Cn be a cycle of order n ≥ 3. Then Cn ∈ Class 1 if and only if
n 6= 4, 5 and n ≡ 4 (mod 6).
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Proof. Let V (Cn) = {vi | 1 ≤ i ≤ n}, and let vivj ∈ E(Cn) if and only if |i − j| = 1 (to
modulo n). First C5 ∈ Class 1 since f = ({v1, v3}, {v2}, {v4}, {v5}) is a χtd-coloring of C5
and pn({v2}; f) = ∅. Also C4 ∈ Class 1 since C4 is the complete bipartite graph K2,2. Now
let n = 6ℓ+ 4 for some ℓ ≥ 1. Consider the coloring function f on V (Cn) such that
f(v) =


1 + 4k if v = 1 + 6k or v = 3 + 6k,
2 + 4k if v = 2 + 6k or v = 4 + 6k,
3 + 4k if v = 5 + 6k,
4 + 4k if v = 6 + 6k,
4ℓ+m if v = 6ℓ+m for 0 < m ≤ 4,
where 0 ≤ k ≤ ℓ − 1. f = (V1, ..., Vt) is a χ
t
d(Cn)-coloring, where t = 4(ℓ + 1). Then
pn(Vn−3; f) = ∅ and so Cn ∈ Class 1. Because Vn−3 = {vn−3}, Vn−2 = {vn−2}, Vn−4 =
{vn−4} and N(vn−3) = {vn−4, vn−2}, in which vn−4 ≻ Vn−5 and vn−2 ≻ Vn−1. In the
remained cases we prove Cn ∈ Class 2. Let n ≡ 2 or 5 (mod 6) and n 6= 5. Let also
f = (V1, ..., Vk) be an arbitrary χ
t
d(Cn)-coloring. As we saw in the proof of Proposition
1.5, we know that every six consecutive vertices must be colored by one of the ways 1 or
2 or by a combining of them. Also we saw that pn(Vi; f) 6= ∅, where 1 ≤ i ≤ k − 2.
Since f(vn−1) = k − 1, f(vn) = k, Vk−1 = {vn−1}, Vk = {vn}, pn(Vk−1; f) = Vk and
pn(Vk; f) = Vk−1, we obtain pn(Vi; f) 6= ∅ for all i. Hence Cn ∈ Class 2. The proof of other
cases is similar and we left it to the reader. Therefore we have proved Cn ∈ Class 1 if and
only if n 6= 4 and n ≡ 4 (mod 6). 
Proposition 3.3. Let Pn be a path of order n ≥ 2. Then Pn ∈ Class 2 if and only if n = 2
or n ≡ 0 (mod 3).
Proof. Let V (Pn) = {vi | 1 ≤ i ≤ n} and for 1 ≤ i < j ≤ n, vivj ∈ E(Cn) if and only if
j = i+ 1. Obviously P2 ∈ Class 2. Now let n = 3ℓ+ 2 for some ℓ ≥ 1. Consider a coloring
function f defined on V (Pn) such that
f(vi) =
{
1 + 2k if i = 1 + 3k or i = 3 + 3k,
2 + 2k if i = 2 + 3k,
when 0 ≤ k ≤ ℓ − 2, and f(vn−4) = f(vn) = 2ℓ − 1, f(vn−3) = 2ℓ, f(vn−2) = 2ℓ + 1,
f(vn−1) = 2ℓ + 2. Since f = (V1, ..., V2ℓ+2) is a χ
t
d-coloring of Pn and pn(V2ℓ−1; f) = ∅, we
conclude Pn ∈ Class 1. Now let n = 3ℓ+ 1 for some ℓ ≥ 1. Consider a coloring function f
defined on V (Pn) such that
f(vi) =
{
1 + 2k if i = 1 + 3k or i = 3 + 3k,
2 + 2k if i = 2 + 3k,
when 0 ≤ k ≤ ℓ − 2, and f(vn−3) = f(vn) = 2ℓ− 1, f(vn−2) = 2ℓ, f(vn−1) = 2ℓ + 1. Since
f = (V1, ..., V2ℓ+1) is a χ
t
d-coloring of Pn and pn(V2ℓ−1; f) = ∅, we conclude Pn ∈ Class 1.
Finally, let n = 3ℓ for some ℓ ≥ 1. In this case, Pn has the only χtd-coloring f with
f(vi) =
{
1 + 2k if i = 1 + 3k or i = 3 + 3k,
2 + 2k if i = 2 + 3k,
when 0 ≤ k ≤ ℓ− 1. Since pn(Vi; f) 6= ∅, for all i, we conclude Pn ∈ Class 2. 
Proposition 3.4. Let Cn be the complement of the cycle Cn of order n ≥ 4. Then Cn ∈
Class 2 if and only if n = 4, 5, 6.
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Proof. Let V (Cn) = {vi | 1 ≤ i ≤ n} and for 1 ≤ i < j ≤ n, vivj ∈ E(Cn) if and only if
j 6= i+1 (to modulo n). If n = 4, then Cn is isomorphic to the two copies of K2. K2 ∈ Class
2 implies C4 ∈ Class 2. If n = 5, then C5 is a cycle of order 5, and Proposition 3.2 implies
C5 ∈ Class 2. In C6, every χtd-coloring is in the form f = (V1, V2, V3), where V1 = {vi, vi+1},
V2 = {vi+2, vi+3}, V3 = {vi+4, vi+5}, for some integer 1 ≤ i ≤ 6. Since pn(Vi; f) 6= ∅,
for all i, we obtain C6 ∈ Class2. Now let n ≥ 7. Assume that Vi = {v2i, v2i−1}, for
1 ≤ i ≤ ⌊n2 ⌋. Since for even n, f = (V1, V2, ..., V⌊n2 ⌋) is a χ
t
d(Cn)-coloring, and for odd
n, f = (V1, V2, ..., V⌊n
2
⌋, {vn}) is a χ
t
d(Cn)-coloring, and pn(V2; f) = ∅, we conclude that
Cn ∈ Class 1 if n ≥ 7. 
Proposition 3.5. Let Pn be the complement of the path Pn of order n ≥ 4. Then Pn ∈ Class
1.
Proof. Let V (Pn) = {vi | 1 ≤ i ≤ n} and for 1 ≤ i < j < n, vivj ∈ E(Pn) if and only if
j 6= i+ 1 (to modulo n). If n = 4, then P4 is a path of order 4, and Proposition 3.3 implies
P4 ∈ Class 1. For n = 5, 6 we consider the χtd-colorings f = ({v1, v2}, {v3, v4}, {v5}) and
f = ({v1, v2}, {v3, v4}, {v5, v6}), respectively. Since in each case, pn({v3, v4}; f) = ∅, we
conclude Pn ∈ Class 1. Now let n ≥ 7. Since the χtd(Cn)-colorings given in Proposition 3.4
are also χtd(Pn)-colorings and pn(V2; f) = ∅, we conclude that Pn ∈ Class 1 if n ≥ 7. 
By knowing G ∈ Class 2 if and only if G 6∈ Class 1, the previous propositions and
Theorems 2.3 and 2.4 imply the following results.
Proposition 3.6. Let Cn be a cycle of order n ≥ 3. Then
χtd(M(Cn)) =


n if n = 4, 5
4⌊n6 ⌋+ r + 2 if n ≡ r (mod 6), where r = 0, 1, 2,
4⌊n6 ⌋+ r + 1 if n ≡ r (mod 6), where r = 3, 4, 5 and n 6= 4, 5.
Proposition 3.7. Let Cn be a cycle of order n ≥ 3. Then
χtd(M(Cn)) =


6 if n = 4, 5,
5 if n = 6,
⌈n2 ⌉+ 1 if n ≥ 7.
Proposition 3.8. Let Pn be a path of order n ≥ 2. Then
χtd(M(Pn)) =


4 if n = 2,
2⌈n3 ⌉ if n ≡ 1 (mod 3),
2⌈n3 ⌉+ 2 if n ≡ 0 (mod 3),
2⌈n3 ⌉+ 1 if n ≡ 2 (mod 3), and n 6= 2.
Proposition 3.9. Let Pn be a path of order n ≥ 2. Then
χtd(M(Pn)) =
{
4 if n = 4,
⌈n2 ⌉+ 1 if n ≥ 5.
We know that for any k ≥ 2 there is the complete graph Kk with χtd(Kk) = k. Is there
a non-complete graph G with χtd(G) = k? Since χ
t
d(G) = 2 if and only if G is a complete
bipartite graph (see [2]), the answer is negative for k = 2. In the following we answer this
question for k ≥ 3. First a lemma.
Lemma 3.10. Let G be a graph. If G ∈ Class 1, then M(G) ∈ Class 1.
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Proof. Let f = (V1, V2, ..., Vk) be a χ
t
d-coloring of G such that pnG(Vi; f) = ∅ for some
1 ≤ i ≤ k. Since g = (V1, ..., Vi−1, Vi ∪ {w}, Vi+1, ..., Vk, U) is a χtd-coloring of M(G) with
this property that pnM(G)(Vi ∪ {w}; g) = ∅, we conclude M(G) ∈ Class 1. 
Proposition 3.11. For any k ≥ 3 there exists a non-complete graph with the total dominator
chromatic number k.
Proof. For k = 3 there are wheels Wn ∈ Class 1 of odd order n+ 1 ≥ 5 with χtd(Wn) = 3,
by Propositions 1.4 and 3.1. Now let k ≥ 4. Lemma 3.10 implies that if G belongs to
Class 1, then M t(G) belongs to Class 1 and χtd(M
t(G)) = χtd(G) + t, where M
t(G) is the
Mycieleskian of M t−1(G) and M0(G) = G. Now if we consider G = K3 and t = k − 3, we
obtain χtd(M
t(G)) = k, and our proof is completed. 
The converse of Lemma 3.10 is false. For example, K2 ∈ Class 1 but M(K2) = C5 6∈
Class 1. Finally, in a natural manner, we end this paper with the following problem.
Problem 3.12. For any graph G with no isolated vertex, find some bounds for χtd(GM(G))
in terms of χtd(G), where GM(G) is the generalized Mycieleskian of G.
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